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Abstract

This paper presents an etch rate model for determining the full three dimen-

sional behavior of an etchant from experimentally determined etch rates of four

principal planes: (100), (110), (111), & (311). The etch rate for an arbitrary

plane is expressed in terms of the measured planes. The model shows excellent

agreement with both experimental measurements and values reported in the

literature. A high quality 3D model of etch rates, such as the one reported

here, is required for MEMS CAD or etch simulators to be able to accurately

predict etched shapes.

1 Introduction

Any MEMS CAD system that will accurately be able to determine a mask shape

for a given desired three dimensional fabricated shape will require well characterized

and accurate three dimensional etch rate information. Similarly three dimensional

etch simulators [1, 2, 3, 4], such as the author's Eshape and Cellular Automata

methods [5, 6] as well as the Slowness method by Sequin [7] and ASEP by Buser [8]

require accurate etch rate data. The rate of etching is dependent on the orientation

of the face being etched in the crystal. These di�ering rates mean that most etched

shapes change with time. In order to simulate the time evolution of three dimen-

sional etched shapes, it is essential that the full etch rates in all directions be well

known.

Unfortunately, for most etchants etch rates for only a few major planes are

known, notably the (100), (110), (111), and perhaps the (311) planes [9, 10, 11, 12,
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13]. Seidel [12], for example has studied the etch rate behavior of KOH in both the

(100) and (110) planes. The (100) plane etch rate diagram has a characteristic four

lobed rosette pattern while the (110) plane etch rate diagram is six-sided. These

planes are chosen because they tend to dominate most etched shapes, but they do

not give the full picture. In this paper we will derive a model which supplies the full

etch rate diagram given a few experimentally measured planes. The model requires

a minimum of N planes to provide a N dimensional representation, but more planes

may be utilized if they are available, providing a more accurate etch rate diagram.

The model will �rst be derived for two dimensions with two parameters, then with

three parameters. The same approach will be used for the three dimensional models

with three and four parameters. The models show excellent agreement with both

experimental measurements and values reported in the literature.

2 Two Dimensions

We represent etch rates with vectors where, in polar coordinates, � is a given etch

direction and R(�) is the rate for the � direction. Of course, this fR; �g vector can

also be represented by Cartesian coordinates: fx; yg. Because of silicon's symmetry,

we need only examine 1/8th of the circle: 0 � � � �=4 ( or 0 � x � 1 and 0 � y � x).

For example the (10),(10), and (01) vectors have the same rate since they belong

to the (10) family. This use of symmetry simpli�es the derivation, but the model is

in no way limited to symmetrical systems. For asymmetrical systems all regions of

the plane must be modeled.

2.1 Two Parameters

In two dimensions, two independent vectors are needed to de�ne a basis. In the two-

parameter model there are two distinct rate vectors, the (10) vector at zero degrees

and the (11) vector at 45 degrees. These vectors shall be called the principal vectors

or principal rates.

These two dimensional rate vectors are the two dimensional projections of the

three dimensional etch rates for di�erent planes. The (11) vector is the projection

of the (111) plane while the (10) vector is the projection of either the (100) or the

(101) plane depending on the etchant being modeled.

In order to interpolate the etch rate of any arbitrary vector we wish to �nd its

components not in terms of its Cartesian components but rather in terms of its (10)

and (11) components. In other words we wish to transform from a representation in

Cartesian space into a representation in the non-orthogonal basis of the two linearly

independent principal rate vectors. We do this by multiplying the fx; yg vector by

the inverse of the basis matrix de�ned by the principal vectors. This is equivalent to

solving two simultaneous equations to determine what magnitudes of the (10) and

(11) vectors are required to construct an arbitrary vector (see Figure 1).

In addition we must satisfy the additional condition that the interpolated rates

be isotropic when the (10) and (11) rates are unity. This is done with a diagonal

scaling matrix which simply multiplies the result by two scaling constants. In the
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Figure 1: Two dimensional basis representations.

two dimensional two parameter model the scaling matrix is the identity matrix but

this is not true in general. If this scaling matrix is not included the model is still

valid but the model etch rates will di�er from the experimental etch rates. The

need for the scaling matrix arises because when the Miller indices are calculated,

the numbers are scaled to be integers. The scaling matrix undoes this Miller scaling.

Every vector has a representation in the orthogonal Cartesian basis fx; yg. Let

fa; bg be the components of a vector fx; yg in the non-orthogonal basis de�ned by

the normals (Miller indices fh; kg) of two principal planes. Then:

h
a b

i
=
h
x y

i " h1 k1
h2 k2

#�1 "
s1 0

0 s2

#
(1)

where s is the scaling matrix. This relationship is valid within the triangular region

de�ned by the two principal planes.

The etch rate along a vector fx; yg is then given by a weighted sum of these

components. By choosing the weights (Wi) to be the ratio of the ith rate to the

(11) rate , it is possible to separate the shape of the etch rate diagram (ratio of

rates) from the absolute size of the etch rate diagram ((11) rate). Thus W1 = 1 and

W2 = R(10)=R(11):

R(x; y) = N(a �W1 + b �W2) �R11 (2)

where N is a normalization factor (1=x in this case). N is necessary since R should

be dependent on angle (ratios of x and y) and not on the magnitudes of x and

y. This formula is valid for all possible symmetric etchants: isotropic or highly
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basis scaling component normalization

vectors matrix equations

"
1 0

1 1

# "
1 0

0 1

#
a = x� y

b = y
1=x

Table 1: 2D, two parameter model matrices and equations.

anisotropic. Table 1 displays the details of this model. Note that the equations are

only valid when a and b are positive, since the weights cannot be negative.

Compared to other planes, the (111) planes are relatively dense. For many

etchants they are the slowest etching planes. The ratio of the fastest to slowest

planes ranges from 1:1 for the isotropic case to 400:1 for etchants such as KOH. For

this reason it is not necessary to plot the etch rate diagrams for the cases where the

ratio of (10) to (11) is less than unity, although the model would still be valid if

small ratio etchants were available. Figure 2 shows an array of hypothetical ratios

of the (10) etch rate to the (11) etch rate. Each element in the array has been scaled

to �ll an equal amount of space for display purposes. This has been done for all the

arrays that follow.

2.1.1 Three Parameters

The e�ect of the (311) planes can be included by using a three parameter model.

Again only the region 0 � � � �=4 is considered, but there are now three principal

rates (10), (11), and (31) where the (31) vector is the two dimensional projection

of the (311) plane. The (10) and (11) rates appear when etching holes since they

are slow compared to faster planes such as the (31) rates. When simulating the

etching of pegs, failure to include (31) rates will lead to shapes that are correct in

form but incorrect in detail; the three parameter model eliminates this de�ciency.

The (31) vector lies at about 18 degrees (arctan(1=3)) with respect to the x axis.

Because only two vectors at a time may be used as a two dimensional basis, two

regions are examined: 0 � � � arctan(1=3) with (10) and (31) as the basis and

arctan(1=3) � � � �=4 with (31) and (11) as the basis. The derivation for the two

parameter model is carried out again for the two regions producing two separate

weighted sums each valid within its associated region. In this case the scaling

matrix is not the identity matrix but contains a 1 and a 3 along the diagonal. In

general, the scaling matrix diagonal value is the maximum Cartesian component of

the associated plane. Note that the rates are continuous across the region interface.

The net e�ect of the (31) rates is to produce secondary extrema as shown in Figure 3.

The results are rearranged to separate the size and shape e�ects as was done with

Equation 2 in the two parameter model.

Furthermore we can �nd the value for the (31)/(11) rate ratio required to collapse
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r: 2D, 2 param

1,3. 1,4.

1,1. 1,2.

Figure 2: 2D, two parameter results.
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r: 2D, 3 param

1,7.,5. 1,7.,7.5 1,7.,10.

1,4.,3. 1,4.,4.5 1,4.,6.

1,1.,1. 1,1.,1.5 1,1.,2.

Figure 3: 2D, three parameter results.

the three parameter model to two parameters:

(R31=R11)2p = (1 + 2 �R10=R11)=3

Table 2 displays the details of this model. Note that the equations are only valid

when a and b are positive, since the weights cannot be negative.

Again the availability of etchants is used to limit the R10=R11 rates and the

scaling factor to be larger than or equal to unity. Figure 3 shows such plots.

2.2 Three Dimensions

Consider a vector in space de�ned by its Cartesian components x , y, and z or in

spherical coordinates R, �, and �, where the magnitude of the vector is the three

dimensional etch rate in the direction of the vector. Because of silicon's symmetry,

we need only look at 1/16th of the sphere: 0 � � � �=4 and 0 � � � �=2 ( or
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basis scaling component normalization

vectors matrix equations

"
1 0

3 1

# "
1 0

0 3

#
a = x� 3y

b = 3y
1=x

"
1 1

3 1

# "
1 0

0 3

#
a = (�x+ 3y)=2

b = 3=2(x� y)
1=x

Table 2: 2D, three parameter model matrices and equations.

0 � x � 1; 0 � y � x; 0 � z � 1 ) .

2.2.1 Three Parameters

In three dimensions, three independent vectors are needed to de�ne a basis. The

three principal vectors for the three parameter model are the (111), (100), and (110)

rates. In this section of the sphere there are 5 principal planes in 3 families:

(100) family: (100) and (001)

(110) family: (110) and (101)

(111) family: (111)

From symmetry, all planes within a family have the same rate. The �ve planes

form three triangular regions on the sphere each bounded by three basis vectors:

(100,111,110), (100,111,101), & (001,111,101) as shown in Figure 4.

For each triangular section, the representation of any arbitrary vector is found

in the non-orthogonal basis by multiplying the vectors Cartesian components by

the inverse of the 3 by 3 basis matrix. Again a scaling matrix is necessary. This is

equivalent to solving three simultaneous equations to determine the magnitudes of

the (100), (110) and (111) vectors required to construct an arbitrary vector. The

required rate is a weighted sum of the components expressed in terms of etch rate

ratios.

Every vector has a representation in a orthogonal Cartesian basis fx; y; zg. Let

fa; b; cg be the components of a vector fx; y; zg in the non-orthogonal basis de�ned

by the normals (Miller indices fh; k; lg) of three principal planes. Then:

h
a b c

i
=
h
x y z

i 264 h1 k1 l1
h2 k2 l2
h3 k3 l3

3
75
�1 264 s1 0 0

0 s2 0

0 0 s3

3
75 (3)

This relationship is valid within the triangular region de�ned by the three prin-

cipal planes. The etch rate at a vector fx; y; zg is then given by a weighted sum of
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Figure 4: 3D, three parameter model regions.
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basis scaling component normalization

vectors matrix equations

2
64 1 0 0

1 1 0

1 1 1

3
75

2
64 1 0 0

0 1 0

0 0 1

3
75 a = x� y

b = y � z

c = z

1=x

2
64 1 0 0

1 0 1

1 1 1

3
75

2
64 1 0 0

0 1 0

0 0 1

3
75 a = x� z

b = z � y

c = y

1=x

2
64 0 0 1

1 0 1

1 1 1

3
75

2
64 1 0 0

0 1 0

0 0 1

3
75 a = z � x

b = x� y

c = y

1=z

Table 3: 3D, three parameter model matrices and equations.

these components:

R(x; y; z) = N(a �W1 + b �W2 + c �W3) �R111 (4)

where Wi is the relative etch rate or weight for the ith plane. N is a normalization

factor (either 1=x or 1=z) which ensures that the rates are independent of the mag-

nitude of x, y, and z. Two di�erent normalizations are needed to provide continuity

on the boundary between regions. Table 3 shows the details of this model. Again

a, b, and c must be positive for the equations to be valid.

This formula is valid for all possible symmetric etchants: isotropic or highly

anisotropic. Figure 5 shows the etch rates for ratios greater than unity.

2.2.2 Four Parameters

The (311) rates can be added to the model by rede�ning the triangular sections. In

this case there seven vectors in the three principal families:

(100) family: (100) and (001)

(110) family: (110) and (101)

(111) family: (111)

(311) family: (113) and (311)

The new vectors require that the triangular sections be properly chosen. The

seven planes form six triangular regions on the sphere each limited by three planes:

(100,311,110), (100,101,311), (110,111,311), (101,111,311), (101,113,111), and (001,113,101)

as shown in Figure 6.
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Figure 5: 3D, three parameter model results.

10



x

y

z

100 110

101
111

001

113

311

Figure 6: 3D, four parameter model regions.
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The etch rate at a vector fx; y; zg is then given by a weighted sum of these

components. Table 4 shows the details of this model. Figure 7 shows the etch rates

for ratios greater than unity.

3 3D ) 2D (100) Projections

Given a three dimensional etch rate diagram R(�; �), some planes will tend to dom-

inate others in certain conditions. One important factor is wafer orientation. The

wafer orientation refers to the crystal orientation along which the crystal is cut (the

(100) orientation being the most common). This cutting of the wafer establishes

boundary conditions which limit the observed etch rates to a subset of the full three

dimensional etch rate diagram.

Consider a (100) wafer which is partially masked as shown in Figure 8A. The

line separating the masked and unmasked portions lies at some angle �. A cross

section ss (see Figure 8B) is taken perpendicular to the plane of the wafer and

perpendicular to � in order to examine planes with di�erent � values. At each �,

the two dimensional etch rate along the surface of the wafer can now be found.

Figure 8B shows the cross section ss with two representative rates R1 and R2. The

observed surface etch rate is given by the minimum projection onto the surface of

the wafer. For a (100) wafer the minimum surface projection is:

R2d(�) = min�[proj(�; �)] ) proj(�; �) = R3d(�; �)= cos(�� 90) (5)

Thus the observed surface etch rate at � depends on all the rates and �'s in the

cross section perpendicular to the wafer. In practice, this minimization is performed

over many � values although only two are shown in Figure 8B for clarity.

In addition to the surface etch rate, much more information may be obtained

using additional projections. The plane of the wafer corresponds to a � value of 90

degrees. It is possible to extend this minimization to other projections made onto

di�erent cross sections at di�erent angles with respect to the wafer. Note that the

cross sections are still at the same �. Let � be the � value of the di�erent cross

sections. Figure 9 again shows rates R1 and R2 with projections onto three cross

sections at three �'s : 90 (plane of wafer), 60, and 30 degrees (s90, s60, and s30

respectively). In the �gure the projections of R2 with s30, s60, and s90 are given

by p(30)2, p(60)2, and p(90)2 respectively.

The �=90 corresponds to the surface etch rate while the �=60 and �=30 give in-

formation about the etch rate deeper into the crystal. Thus there are three contours

to plot the etch rate behavior. Adding more contours provides more information

about the observed etch rates. Closely packed contours indicate sharply sloped walls

while widely spaced contours indicate walls with smaller slopes. Note that each con-

tour represents constant � and not constant depth. Figure 10 shows a modeled (100)

projection while Figure 11 shows experimental data.

It is important to note that the transformation from three dimensions to two is

a projection. The two dimensional etch rate diagram is not a shadow of the three

dimensional diagram nor is it a slice through the three dimensional diagram.

12



basis scaling component normalization

vectors matrix equations

2
64 1 0 0

1 1 0

3 1 1

3
75

2
64 1 0 0

0 1 0

0 0 3

3
75 a = x� y � 2z

b = y � z

c = 3z

1=x

2
64 1 0 0

1 0 1

3 1 1

3
75

2
64 1 0 0

0 1 0

0 0 3

3
75 a = x� 2y � z

b = z � y

c = 3y

1=x

2
64 1 1 1

1 1 0

3 1 1

3
75

2
64 1 0 0

0 1 0

0 0 3

3
75 a = (y � x)=2 + z

b = y � z

c = 3=2(x� y)

1=x

2
64 1 1 1

1 0 1

3 1 1

3
75

2
64 1 0 0

0 1 0

0 0 3

3
75 a = (2y � x+ z)=2

b = z � y

c = 3=2(x� z)

1=x

2
64 1 1 1

1 0 1

1 1 3

3
75

2
64 1 0 0

0 1 0

0 0 3

3
75 a = (x+ 2y � z)=2

b = x� y

c = 3=2(z � x)

1=z

2
64 0 0 1

1 0 1

1 1 3

3
75

2
64 1 0 0

0 1 0

0 0 3

3
75 a = �x � 2y + z

b = x� y

c = 3y

1=z

Table 4: 3D, four parameter model matrices and equations.
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Figure 7: 3D, four parameter model results.
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r: 3D->2D, 100

1,9.,1.,12.667 1,9.,5.,12.667 1,9.,9.,12.667

1,5.,1.,7.333 1,5.,5.,7.333 1,5.,9.,7.333

1,1.,1.,2. 1,1.,5.,2. 1,1.,9.,2.

Figure 10: Modeled (100) projection. Outer contours show etch rate at surface,

inner contours show etch rate at greater depths.

17



Figure 11: Experimental (100) projection.
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3.1 General Projections

Projections need not be limited to the (100) plane.

Consider a new wafer cut (abc) rotated from the (100) frame by �� and ��

Coordinates in the (100) frame are given by (�; �), coordinates in the (abc) frame

are given by (�2; �2).

If the orientation of the wafer cut is changed, the projection planes also change.

There are two approaches to �nding the new projections. One possible approach is

to explicitly calculate these new projections. Alternatively, the reference frame of

the rate diagram can be rotated to the new orientation and the (100) projection is

used as before. This second approach will be used since it is simpler.

Let R100(�; �) be the rate de�ned in the (100) frame. Each such rate corresponds

to a rate in the rotated (abc) frame: Rabc(�2; �2). In the case of a (100) wafer, at each

�, a minimization over � is performed using R100(�; �). Projections onto another

plane (abc) are found by replacing R100(�; �) with Rabc(�2; �2) before performing

the minimization.

The spherical coordinates in the new (abc) reference frame de�ned by the new

wafer cut must be converted into the spherical coordinates in the (100) reference

frame. The equations giving the new coordinates are :

cos(�2) = cos(��) cos(�)� cos(�) sin(��) sin(�) (6)

cos(�2) sin(�2) = cos(��) cos(�) sin(��)

+ cos(��) cos(��) cos(�) sin(�)

� sin(��) sin(�) sin(�)

(7)

For the (110) wafer �� = �=4 and �� =0, while for the (111) wafer �� = �=4

and �� =�=4. The minimization is performed as before but the rate values used

are those obtained from the new angles. Figure 12 shows such a (110) projection.

Figure 13 shows experimental measurements of the (110) projection (reproduced

from a paper by Seidel [12]).

4 Generality

In this derivation the (111), (110), (100), and (311) rates have been chosen as

principal planes. These planes were chosen because they appear quite often in the

anisotropic etching of silicon. The model is in no way limited to such systems and

any three principal planes may serve as a basis. More planes may be added to

increase the accuracy of the model, in which case new triangular regions will have

to be de�ned.

5 Summary

A method for parametrizing the full three dimensional etch rate behavior given a few

known rates has been presented and found to agree with experimental measurements.
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r: 3D->2D, 101

1,9.,5.,12.667 1,9.,9.,12.667

1,5.,5.,7.333 1,5.,9.,7.333

Figure 12: Modeled (110) projection. Outer contours show etch rate at surface,

inner contours show etch rate at greater depths.
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Figure 13: Experimental (110) projection from Seidel et al. [12].
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The model does not seek to understand the reasons why etch rates di�er, but rather

uses the known available data to predict the results of di�ering etch rates. The

method clari�es both the three dimensional nature of the etch rate diagram as well

as the observed etch rates for di�erent wafer planes. The predictions of any MEMS

CAD tools can only be as good as the data it is provided. A standardized system

for measuring and classifying di�erent etchant based on their etch rate behavior is a

much needed aspect of MEMS design. The model outlined above is a valuable part

of such a system.
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