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ABSTRACT

The Method of Imprecision (Mol) is a formal theory for the
manipulation of preliminary design information that repre-
sents preferences among design alternatives with the math-
ematics of fuzzy sets. Using the Mol, different design trade-
off strategies can be applied. To date, two aggregation func-
tions have been developed for the Mol, one representing a
compensating strategy and one a non-compensating strat-
egy. Other research on aggregation functions on fuzzy sets
has focused on two classes of functions that are not suitable
for engineering design. The general restrictions on design-
appropriate aggregation functions are discussed, and a fam-
ily of functions ranging from the non-compensating min to
the compensating product of powers is presented. An appli-
cation to preliminary engineering design is given.

Introduction

Preliminary design decisions are among the most important
in engineering. It is when the details of a design are still un-
known, when the design is imprecise, that the most costly
and important decisions are made (Whitney, 1988). Despite
the importance of preliminary design, there are a limited
number of formal tools available to the engineer for rep-
resenting and manipulating imprecise design information.
One such tool is the Method of Imprecision (Mol) (Wood
and Antonsson, 1989), a formal method for representing and
manipulating uncertainty in engineering design employing
the mathematics of fuzzy sets. It has been shown previously
that the Mol can be used to combine design information
using different trade-off strategies (Otto and Antonsson,
1991). Specifically, the designer can combine preferences
in a compensating or non-compensating manner, using one
of two aggregation functions. The Mol can handle impor-

tance weightings using these two trade-off strategies (Law
and Antonsson, 1995a; Otto and Antonsson, 1991), and dif-
ferent attributes can be combined hierarchically in hybrid
strategies. Research applying both trade-off strategies to in-
dustrial applications is ongoing (Law and Antonsson, 1994).

A class of aggregation functions on fuzzy sets called
t-norms and t-conorms has been studied in some de-
tail (Dubois and Prade, 1985; Roychowdhury and Wang,
1994) by researchers of fuzzy sets. Unfortunately, these
functions do not satisfy the axioms of the Mol, as will be
explained below. Much less research has been devoted to
mixed connectives, those functions that are suitable for en-
gineering design. This paper takes the general approach
that fuzzy set researchers have applied in exploring t-norms
and t-conorms and applies it to the problem of design-
appropriate aggregation functions.

After a brief review of the Mol, aggregation functions
will be discussed in more detail. A continuum of functions
between the compensating and the non-compensating will
be presented. An example of an application to preliminary
engineering from an earlier paper will be revisited. Where
two aggregation functions were used before, the full range
of aggregation functions will be applied.

Preliminaries: The Method of Imprecision

Detailed definitions for the Method of Imprecision are pre-
sented elsewhere (Law and Antonsson, 1995b). An example
of an application to preliminary design from the original
paper on trade-off strategies (Otto and Antonsson, 1991)
will serve to review the important definitions. This exam-
ple is a computationally tractable analog of some industrial
applications presently being investigated.

The example is of a preliminary design task, a selection
between a special-purpose mechanism and a robotic arm for



Criterion: Ease to Satisfy | Mechanism Robot
(i wi) (i, wi)
Quantity rate (1.0, 5) (0.5, 55)
Operator safety (0.4, 57) (0.5, 2)
Development cost (0.4, %) (0.7, %)
Production reliability (0.8, ) (0.5, =)
Size constraints (0.9, %) 0.7, %)
Design by production time (0.5, ) (0.8, %)
Production quality (1.0, %) (0.9, 2£)
TABLE 1.  Imprecise designer
rankings.

a manufacturing production line. Designers assign prefer-
ences p; € [0,1] and importance weightings w; to seven cri-
teria as shown in Table 1. Since this example is of a choice
between discrete alternatives, the preferences are crisp num-
bers; in general, each preference will be expressed as a fuzzy
set over a range of values for each design variable (in this
case, each criterion). A preference of u; = 0 indicates that
the value is completely unacceptable and p; = 1 indicates
an ideal value. Designers also assign importance weightings
w; to the attributes. In this example the weights are nor-
malized to sum to one; later we shall see that this is not
necessary.

It is the designer’s task to choose the best overall design
among the possible alternatives. When different candidate
designs have different strengths, the designer must make
trade-offs among the design attributes. These trade-offs are
commonly made informally. The nature of the trade-off de-
pends on the particular design problem: in some cases the
designer may need to guarantee that all attributes satisfy a
minimal performance criterion, while in other cases strong
performance in one aspect may make up for poorer perfor-
mance elsewhere. In the Mol, the preferences (with their
respective weights) for the variables are combined into a
single overall preference u, using an aggregation function
P:

Ho = P((“lvwl)v ) (Hn7wn))

If it is convenient to ignore the weights, the function can be
written simply

Bo =P (1, -, pin)

Two aggregation functions have been used to represent
two trade-off strategies: when the design variables are to
be combined in a non-compensating manner, in which the
overall performance of the design is limited by the worst-
performing attribute, the simple minimum is used:

P((N17w1)7 Tty (,un,wn)) = min(/l’lv to Hu’n)

For designs that require a compensating trade-off strategy,
in which a high preference for one attribute may make up

FIGURE 1. 3D plot of
min (g1, p2)

for a lower preference for another, the weighted product of
powers, or Pry, is used:

1
Pri((pr, 1), -y (s wn)) = (1 - ™) &7

The behavior of these aggregation functions can be fully
represented by a three-dimensional plot of the combined
overall preference p, rising above the 1 —pu2 plane, as shown
for P = min in Figure 1. For comparing different functions,
a cross-section of the 3D plot is instructive. Figure 2 shows a
cross-section of a three-dimensional plot of both min (g1, p2)
and Pr((p1,w), (u2,w)) taken at puz = 0.5. (The equal
weights w are assumed to be non-zero.) Because of re-
strictions on aggregation functions that will be discussed
later, both functions deliver the same overall preference at
z = 0 and z = 0.5: min(0,0.5) = Pr((0,w), (0.5,w)) =0
and min(0.5,0.5) = Pr((0.5,w), (0.5,w)) = 0.5. Elsewhere,
combining p1 = x and p2 = 0.5 with the compensating func-
tion Pry always gives a higher overall preference than com-
bining them with min. Compensating aggregation functions
are appropriate for design trade-offs where high preference
for one attribute can partially compensate for low prefer-
ence in another. A similar cross-section could be taken for
each fixed value of u2; the crossover point would change,
but the shape would remain the same. Since the functions
are symmetric, the same plots could be generated by fixing
w1 and allowing po to vary.

In the example shown earlier, three trade-off strate-
gies were considered: a traditional weighted sum analysis,
the non-compensating function min, and the compensating
function Pr;. The weighted sum favored the mechanism,
with overall preferences of 0.70 and 0.64. The compensat-
ing function Pry also rated the mechanism best, 0.65 to 0.63.
while the min preferred the robotic arm, 0.5 to 0.4. Thus
a non-compensating trade-off strategy was shown to have a
different outcome from a compensating one.
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FIGURE 2. Two aggregation
functions

The two aggregation functions (min and weighted prod-
uct) model two different trade-off strategies. There may
be other possible strategies. The traditional weighted sum
seems to be an example of a function that, in this case at
least, models a more compensatory trade-off strategy than
Pr1, and it might be imagined that there are functions that
give results between P and min. This paper will revisit
the conditions that an aggregation function must satisfy to
be appropriate for design. It shall be seen that in addition
to the two original functions, there is a continuum of func-
tions modeling a continuum of strategies between them, as
well as functions that satisfy the conditions for design and
exceed Pry in the amount that they allow a high preference
to compensate for a lower one.

Axioms for Design-Appropriate Aggregation Func-
tions

Engineering design as it is commonly practiced is an infor-
mal undertaking. In order to place a structure on design,
a system must conform to axioms that formally represent
an intuitively reasonable model of the design process. The
original axioms for aggregation functions for design are dis-
cussed in detail by Otto (1992). Their extension to include
weights is given in detail in the appendix. The class of pos-
sible functions that satisfy these axioms will be investigated
below. Three of the axioms are particularly important to
the discussion here.

The annihilation axiom is crucial for design, as others
have argued (Biegel and Pecht, 1991; Vincent, 1983). It
states that if the preference for any one attribute of the de-
sign sinks to zero (unaceptable) then the overall preference
for the design is zero. For example, given a fixed material,

the tensile strength limit cannot be exceeded no matter the
reduction in the design’s cost or weight.

The idempotency axiom states that if several variables
with equal preferences are combined, the overall preference
must be the same. Idempotency reflects the intuitive con-
straint that the overall preference for a design should never
exceed the preference of the highest-ranked attribute, nor
should it fall below the preference of the lowest-ranked at-
tribute. Idempotency and monotonicity together are equiv-
alent to the condition that min <P < maz.

Monotonicity states that the overall preference cannot
decrease as a result of an increase in the preference for
one attribute, and is required for design. Strict mono-
tonicity is not required and is incompatible with annihi-
lation. The non-compensating function min is an example
of a design-appropriate function that is monotonic but not
strictly monotonic.

Connectives on Fuzzy Sets

The Mol is just one formalization that uses fuzzy sets to
represent preferences or satisfaction of goals, and not all
formalizations have used the same axioms. Research on ag-
gregation functions or connectives for decision-making using
fuzzy sets, for example, has focused on extensions of classical
intersection and union (Dubois and Prade, 1985). The oper-
ators of binary logic have been applied to fuzzy truth values
to develop a theory for the aggregation of fuzzy goals (Bell-
man and Zadeh, 1970). In this system, a decision maker
may have one of three attitudes towards goals: a “conjunc-
tive attitude”, in which goals must be simultaneously satis-
fied, modeled by the logical and and the intersection of fuzzy
sets; the “disjunctive attitude”, in which goals are redun-
dant, modeled by the logical or and the union of fuzzy sets;
and a “compromise attitude”, where one goal can be traded
off against another. A class of functions called triangular
norms or t-norms have been used to represent intersection,
and the complementary t-conorms or s-norms to represent
union. These functions, and some others, are discussed in
detail by Dubois and Prade (1985). T-norms are bounded
above by min, and it is easy to show that min is the only
idempotent t-norm. Likewise, t-conorms are bounded below
by maz, which is the only idempotent t-conorm.

Thus the functions most investigated as aggregation func-
tions on fuzzy sets model the logical and and the logical or
and are inappropriate for design, since they fail idempotency
or annihilation or both. To obey the axioms of the Mol, the
only possible function for modelling a conjunctive attitude
is the min. No function that can model a disjunctive atti-
tude; the max is the most likely, but it fails the axiom of
annihilation.

Design-Appropriate Aggregation Functions

This section takes the general approach that other fuzzy set
researchers applied in exploring t-norms and conorms and
applies it to design-appropriate aggregation functions. The
problem is approached from the point of view of functional



equations (Aczél, 1966): the set of intuitively reasonable ax-
ioms are translated into a set of functional equations, which
are then solved.

A promising class of functions is the class of weighted
means. The properties that define weighted means are listed
in the appendix for functions of two arguments (where each
argument is a preference-weight pair). These functions can
be extended to several arguments; the details will be dis-
cussed below.

The properties of the weighted mean include all of the
properties of design-appropriate aggregation functions with
the exception of annihilation; any weighted mean that satis-
fies annihilation can serve as a design aggregation function.
The properties of the weighted mean also include several
conditions that are not in the design axioms. The bisym-
metry condition is a surrogate for commutativity and asso-
ciativity, and is equivalent to a requirement that P be con-
sistently defined for more than two arguments. Weighted
means are strictly monotonic, which is a stronger condition
than the monotonicity of the design axioms. Any strictly
monotonic design-appropriate aggregation function must be
a weighted mean. There are design-appropriate functions
that are not weighted means; the min is an example. How-
ever, these functions can be approximated arbitrarily closely
by (strictly monotonic) weighted means.

The structure of the class of weighted means is described
completely in the following theorem, proven in Aczél (1966):

Theorem 1 The properties of the weighted mean (see
Appendiz) are mecessary and sufficient for the function

P((1,w1), (u2,w2)) to be of the form

wif 7 () +w2f_1(ﬁ02)>

7) 7w b 7w -

((p1,w1), (p2,w2)) = f ( o T o
where g < pi,p2 <y 3 wi,w2 >0 w1 w2 >0 and f s
a strictly monotonic, continuous function with inverse f='.

It follows that all strictly monotonic design-compatible
functions must have a generating function f. For example,
f(t) = e* (with e = 1 and up = €) generates the familiar
weighted product of powers

1
Pri((pr,wr), (p2,ws)) = (1™ p2*?) “r+o2

also known as the geometric mean. This function only sat-
isfies the properties of the weighted mean for p; > 0, but it
satisfies all of the design axioms, including annihilation, on
the closed interval [0, 1].

A parameterized family of equations of particular interest
for design is generated by the functions f(¢) = t°, where s
is a real parameter. The aggregation function so generated
is .

wipr® + wapn® ) s
w1 + w2

Ps((ul,un), (Mz, WQ)) = (

Note that a weighted mean satisfies annihilation if and
only if f71(0) is unbounded for that function. For s < 0,
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FIGURE 3. Functions between
min and Py

) = ¢+ is unbounded at t = 0 and P, satisfies annihila-
tion. Similarly, Pry satisfies annihilation, as f~*(t) = In(t)
is unbounded at ¢ = 0. Figure 3 shows the behavior of Ps
for several negative values of the parameter s, and for equal
weights (w1 = w2). As before, p2 = 0.5 is fixed and p1 varies
from 0 to 1 along the z-axis. It is graphically evident, and
easily shown analytically (see Appendix), that Py is iden-
tical to the weighted product of powers Prj. As s tends to
—00, Ps tends to min(u1, p2) regardless of the weights.

Thus the two functions originally proposed as aggregation
functions for the Mol, the min and the product of powers,
turn out to be two limiting cases of a parameterized family
of weighted means. Each P;, s < 0, models a point on a
continuum of trade-off strategies between the original non-
compensating and compensating functions.

The min defines the axiomatic expression of non-
compensating: the overall preference for any design is lim-
ited by its least-performing attribute, no matter how well
other attributes perform. No design aggregation function
can take on values less than the min at any point in a design
space. Thus the min function defines a boundary not only
of a certain family of weighted means, but also of design-
compatible functions in general. The product of powers Py
is a pivotal example among weighted means, but it is not so
clear that it is maximal among design-compatible functions.
Indeed, a maximal design-compatible function is problem-
atic: such a function Pmax would satisfy

Prax(0,1) =0 ¥V o
but also satisfy

Pmax(€7u):M VH>E>O
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for all non-zero weights. Pmax so defined takes on the largest
possible value while satisfying both idempotency and anni-
hilation, but it fails another design axiom: it is discontin-
uous at zero. It is clear that there is no maximal design
function in the way that there is a minimal function.

The family of weighted means that formed a continuum
between the min and Pr was found by varying the param-
eter s in Ps between —oo and 0. It is interesting to exam-
ine what happens if the parameter is varied between 0 and
+00. In this case a family of aggregation functions between
Po = Prr and Ps = mazx is generated. These functions do
not satisfy annihilation, so they do not appear to be appro-
priate for design. As long as no preference is zero, however,
these functions satisfy all the axioms of the Mol. Figure 4
shows P plotted for several positive values of s. As s — oo,
Ps — maz.

If the designer preferences are taken to represent util-
ities, then the aggregation functions used by utility the-
ory (Keeney and Raiffa, 1993) can be similarly plotted.
The additive utility function (P ((u1,w1), (p2,w2)) = wipr +
wapz) corresponds to Pi in Figure 4. The “multi-linear”
function, also shown in Figure 4 (P((u1,w1), (p2,w2)) =
Bl 4 £2 4 #2 in this case), fails both idempotency and
annihilation and is not a member of this parameterized fam-
ily of weighted means.

In practice, the Mol is always implemented using dis-
crete functions. This is partly an artifact of computer im-
plementation, but more fundamentally arises from the fact
that some changes in preference are too small to be distin-
guished. A designer does not actually specify a continous
preference function on the interval [0, 1]; she gives the values
for each variable on several different a-cuts (Antonsson and
Otto, 1995). For example, for a particular design variable,
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FI1GURE 5. The product of pow-
ers, with various weights

the designer may specify which values correspond to u = 0,
pw=0.25 pu=0.5 u=0.75 and u = 1. Preference between
the a-cuts is not important, as the differences are too small
to matter.

The discontinuous manner in which preferences are spec-
ified provides some justification for allowing the use of the
max operator, or of P, with s > 0, as an aggregation func-
tion when all of the preferences are above some level. This
seems to model the design process, as well: when all at-
tributes are performing to some acceptable standard, a de-
signer may choose to allow the highest preferences great im-
portance. The choice of trade-off strategy may depend on
the preferences. If it can be assumed that preferences less
than some small €, say 0.1, are meaningless to the designer,
then Theorem 1 indicates that there is an aggregation func-
tion that varies between P(0,z) = 0 and P(e,xz) = z in a
continuous way.

When weights are unequal, even the relatively conserva-
tive functions between min and Py can compensate strongly
in some regimes. Figure 5 shows Py with p2 = 0.5 fixed and
p1 = x as in the other plots, with three different weighting
schemes. Notice that when wi and w1 are both small, this
function offers an annihilating, but still compensatory trade-
off. The influence of weights on Pyy could also be exploited
to construct a strongly compensating function.

Hierarchical trade-offs

An important requirement of any design-compatible aggre-
gation function is the ability to combine preferences hier-
archically. This is equivalent to requiring that an aggrega-
tion function be extendible to an arbitrary number of ar-
guments, which reduces in turn to commutativity, associa-
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tivity, and an iterative definition of P of many arguments.
Since weighted means are all associative and commutative,
the results for aggregation functions of two arguments ex-
tend obviously to aggregation functions of more than two
arguments.

Given a set of weighted preferences (1, w1), ..., (tn,wn),
define

P((thl)’m’(men)):f(wlf_ (1) + oo Wi f~ (Mn))

w1+ ... +wn

where f is the generator for P. P is clearly well-defined,
and when applied to any n arguments it can be found by
successive application to pairs of the arguments. It is im-
portant to note that the weights for all arguments should
be assigned in advance, and that the weight for P applied
to several arguments must be the sum of the weights of the
individual arguments. It is possible, though unnecessary, to
normalize at each step.

Example

The functions discussed in this paper provide models for a
continuum of trade-offs ranging from the non-compensating
min to the partially compensating Pry all the way to the
completely compensating maz.

The example introduced earlier, of the choice between a
robotic arm and a mechanism, can now be revisited. Instead
of two aggregation functions, there is a parameterized family
of functions ranging from the min to Py, and another from
Prr to the maz. (Since the lowest preference considered is
0.4, annihilation is not an issue.)

Figure 6 shows the overall preferences for the robotic arm
and the mechanism calculated using P,, with the param-

eter s ranging from -10 to 10. The previous results are
included here. At s = 0, Ps = Ppy, and the mechanism
is favored slightly over the robot. As s grows and Ps be-
comes more compensating, the preference for the mecha-
nism grows stronger. At sufficiently small s, the robot is
preferred; there is a crossover point at s & —0.67 where the
two designs have the same overall preference of 0.62. As
s — —oo the non-compensating min is recovered. The lim-
its s = 10 and s = —10 were chosen to show the behavior
near the crossover point; values of s outside this range are
certainly permissible.

Note that the results for the traditional weighted sum fall
in the region s > 0. Indeed, the weighted sum is identical
to 771.

Conclusion

The Method of Imprecision is a formal system, based on
the mathematics of fuzzy sets, for the representation and
manipulation of imprecise design information through the
specification of preferences on design and performance vari-
ables. In practice, designers informally combine imprecise
design information using trade-off strategies that depend
on the particular design problem. The Mol uses aggrega-
tion functions to formally model these different trade-off
strategies. The class of functions appropriate for the aggre-
gation of these preferences has been explored in this paper.
A parameterized family of functions has been detailed. It
was shown that this family spans two continua of possible
design strategies, one between the non-compensating min
and the partially compensating Pry, the two original aggre-
gation functions of the Mol, and one between Pr and the
completely compensating maz.
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Appendix

Proofs

Proofs of claims made in the text are given here for
functions of two arguments; the same proofs hold for
functions of several variables. The proofs assume that
preferences and weights are all non-zero.

Claim 1 Py is identical to the weighted product of pow-
ers Pn:

lim Py (1, 1), (p2,w2)) = Pri(pa, w1), (g2, w2))

Proof

iig(l)?s((m,m), (2, w2))

1

. wip® + wap2® \ ®

= hm e —
s—0 w1 + w2

1

wing S twong® ) s

limg o In (142

= exp

uJ1M1S+wzu25)

i 1
lims—o 3 ln( oTFws

= exp

(1)
Note that, by the definition of the derivative,

.1 wip1® + wapg®
lim - In | —/——=—
s—0 8 w1 + w2

_ 4 [m <ww15 + wzuf)]
ds w1 + wa 5—0

wiIn py® + wo In pso®
w1 + w2

Thus, proceeding from 1, it follows that

11_1%735((#1;‘*}1)’ (2, w2))

wqpInpy®4woln po’
= exp w1twa

(1) 3
= Pﬂ((ula Wl)a (:u27 w2))

which proves the claim.

Claim 2 As s — —oo, Ps tends to min:

lim _Py((p1,w1), (p2,ws)) = min(p1, pa)

§——00

1
I (wluls + WQMQS) s
im [ —f——=F2

: w1 + w2

1
t
. M2t
- th+moo t
- b2 wa
(£2) +2
= lim H2

Note that if go < p1, then the denominator tends to 1

and the limit is po; if g1 < w1, then the denominator

tends to % and the limit is p1. This proves the claim.



Tables
Table 2 gives the axioms of the Mol. Table 3 lists the properties of the weighted mean.

P((p1,w1), -, (ns wn)) < P(1,wi), -+, (B, wn)) (monotonicity)
for g, < ul

P((ﬂlawl)a Ty (/J'nvwn» < P((ﬂlawl)a T (/anaw;z»
for wp, <wl; wi<pn Yi<n
P((/jflawl)a'"a(/J'ivwi)v"'7(Mj7wj)7"'v(unvwn)) = o (ComlnutatiVitY)
P((:U’lawl); Ty (/J’jawj)a T (/J’iawi)7 T (/J’Tuwn)) \V’Z,j
P o) i) o) = (Gontiniy)
hmujcﬁu P((p1,w1), -+ (Mkvwk)v 5 (fnywn)) Yk
((/-'I/lawl);" a(:u’kawk); ) (/J/n;wn))
hmw;ﬂ—wk ((Nl;wl) : (:U’kawk) (Mn;wn)) vk
P((u,w1), - (ywn)) =p  for wy,  +,wp > 0; wy + -+ +wy >0 | (idempotency)

e,

)

Pl(p1,w1), -+, (0,w), -+, (n,wn) =0 forw #0 (annihilation)

P((p1,wit), -, (n, wnt)) = P((1,w1), -, (i, wn)) (self-scaling weights)
Vwi, o ywn >0 w4+ +wy,t>0

P((Nla Wl) R (Nk, 0)7 T (Mm wn)) (Zero weights)

= ((Mlvwl)v " (Mkflawkfl); (Nk+lvwk+1)a ) (ﬂnawn)>

TABLE 2. Axioms of the Mol
(Multiple Arguments).

P((p,w1), (,w2)) =V py w1, w2 (idempotency)
3 pe < pp such that V wi,ws >0

tra = P((ta; 1), (16, 0)) < P((paswi), (o, w2)) < P((fa; 0) (16, 1)) = pp | (internality)
P((Ma7 wlt)a (/-“77 th)) = ,P((:U’(la Wl)a (/J/ba WQ))

YV wi,we > 0; wy +wa,t>0 (homogeneity of weights)
PlP[(p1,w1), (p2,w2)], w1 + w2), (Pl(ps3, w3), (pa, wa)], w3 + wy)]

= Pl(P(1,w1), (3, w3)], w1 + ws), (P[(p2, w2), (Ha, wa)], w2 + wa)] (bisymmetry)
P((ttaswi), (p, w2)) < P((faswi), (1p, w3))

for wy <ws (fa < ) (increasing in weights)
P((p1,w1), (p2,w2)) < P((p1,w1), (13, w2))

for ps < p3, wo #0 (increasing in variables)

TABLE 3. Properties of the
Weighted Mean (Two Argu-
ments).



